
 

 

PLEASE SCROLL DOWN FOR ARTICLE

This article was downloaded by:
On: 19 January 2011
Access details: Access Details: Free Access
Publisher Taylor & Francis
Informa Ltd Registered in England and Wales Registered Number: 1072954 Registered office: Mortimer House, 37-
41 Mortimer Street, London W1T 3JH, UK

International Journal of Polymeric Materials
Publication details, including instructions for authors and subscription information:
http://www.informaworld.com/smpp/title~content=t713647664

Quasi-Stationary Approximation for Some Chemical Kinetics Models
S. R. Abdiushevaa; S. I. Spivaka

a Bashkir State University, Ufa

To cite this Article Abdiusheva, S. R. and Spivak, S. I.(1995) 'Quasi-Stationary Approximation for Some Chemical Kinetics
Models', International Journal of Polymeric Materials, 30: 3, 225 — 233
To link to this Article: DOI: 10.1080/00914039508028599
URL: http://dx.doi.org/10.1080/00914039508028599

Full terms and conditions of use: http://www.informaworld.com/terms-and-conditions-of-access.pdf

This article may be used for research, teaching and private study purposes. Any substantial or
systematic reproduction, re-distribution, re-selling, loan or sub-licensing, systematic supply or
distribution in any form to anyone is expressly forbidden.

The publisher does not give any warranty express or implied or make any representation that the contents
will be complete or accurate or up to date. The accuracy of any instructions, formulae and drug doses
should be independently verified with primary sources. The publisher shall not be liable for any loss,
actions, claims, proceedings, demand or costs or damages whatsoever or howsoever caused arising directly
or indirectly in connection with or arising out of the use of this material.

http://www.informaworld.com/smpp/title~content=t713647664
http://dx.doi.org/10.1080/00914039508028599
http://www.informaworld.com/terms-and-conditions-of-access.pdf


Intern. 1. Polymeric Muter.. 1995. Vol. 30. pp. 225-233 
Reprints available directly from the publisher 
Photocopying permitted by license only 

0 1995 OPA (Overseas Publishers Association) 
Amsterdam B.V. Published under license by 

Gordon and Breach Science Publishers SA 
Printed in Malaysia 

Quasi-Stationary Approximation for Some 
Chemical Kinetics Models 
S. R. ABDIUSHEVA and S. 1. SPIVAK 
Bashkir State University, 450074 Ufa 

(Received January IS, 199s) 

The accuracy of the quasi-stationary approximation for the set of chemical kinetics equations modelling 
some standard mechanisms of catalytic and biocatalytic reactions is evaluated. 
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RESULTS AND DISCUSSION 

The use of quasi-stationary approximation is one of the most widely used methods 
for kinetic modelling of complex chemical reactions. Many papers are devoted to 
mathematical substantiation of correct use of quasi-stationary concentrations (QSC) 
method for treating the set of chemical kinetics differential equations.'-* But even 
if the use of QSC method is sufficiently substantiated the accuracy of the QSC 
method is not always known. In this respect, interesting results were obtained by 
E. A. Gelman.4.5 In her papers an algorithm was developed allowing us to compare 
the proximity of the estimates of initial differential equation set and its quasi- 
stationary approximation. 

The aim of the paper is to obtain these estimates for the sets of chemical kinetics 
equations modelling some standard stream mechanisms of catalytic and bio-catalytic 
reactions. 8.9 

We consider the following reaction scheme describing the simplest catalytic circuit? 

ki 
A + K-AK 

k2 AK - BK 

BK-B + K, 

(1) 

k3 

where A is a starting substance, B is a reaction product, K is a catalyst, AK and 
BK are catalyst complexes. 
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226 S .  R .  ABDIUSHEVA AND S. 1. SPIVAK 

Scheme (I) corresponds to one-way isomerization reaction A = B on a metallic 
catalyst Z. Such reactions are thoroughly analyzed by Boudart. I"  The catalytic 
reactions with any sequence of reversible stages lead to such mechanisms if an 
intermediate compound participating in the last stage is mainly in the adsorption 
form. It follows from Reference 10, this scheme corresponds to one of the known 
mechanisms of ammonia synthesis reaction: 

Z + N2 + ZN, 

ZN2+ (ZN,)' (11) 

(ZN,)' + 3H, + 2NH3 + Z, 
N2 + 3H2 = 2NH, 

The following set of differential equations is true for Scheme (I) 

i l  = - k l x l y I  + k 3 ~ 3 ,  i 2  = k lx1y l  - k 2 ~ 2 ,  i 3  = k 2 ~ 2  

The initial values of concentrations are preset: 

where E is a sufficiently small number. In other words E is the small parameter for 
system (1)-(2). It was shown that the introduction of the small parameter as a 
ratio of catalyst concentration to the concentration starting substance is physically 
correct .6 

Let's carry out variables substitution: 

The balance of the initial scheme x I  + x2 + x3 = E will be written as follows: 

x ;  + x ;  + x f  = 1. 

We rewrite set (1) in conformity with the new variables: 

EX; = - k l x : E y l  + k 3 x 3 & ,  EX; = & , x ; E Y ,  - k 2 x ; & ,  ~3; = &,x;E 

- k ,X;& ,  )', = - k l X ; E y I .  3 2  = k3X:E,  

and by means of necessary transformations we obtain: 

x *  - - - k I x ; y l  + k , x f ,  X; = k l x ; y l  - k , ~ ; ,  2.: = k,x:  

1 1 
- &,x3 ,  - y ,  = - &  1 x *  I Y I ,  ; 3 2  = k , x ; ,  (3) 

E 

x ; ( o )  = 1, x ; ( o )  = x: (o )  = 0 ,  y , (O)  = 1, y*(O) = 0. (4) 
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PREClSlON OF KINETIC MODELS 227 

System (3) makes it possible to select variables xI, x2,  x3 for the quasi-stationary 
concentrations.(' 

The main question of the paper is to obtain the upper estimates the accuracy of 
the quasi-stationary approximation. These estimates are derived according to the 
Gelman a l g ~ r i t h m . ~ . ~  

The reduced system is written: 

where i* = (fy, X;, a ; )  are the quasi-stationary concentrations. 
According to the algorithm we introduce a new variable z: 

xi = +zi ,  i = 1 .  2 .  3. (7) 

where + ( k )  --* O(k --j m). 
For the Scheme (I) we select + = l / k 2 .  
And so we move from large vector parameter k to the restricted one M: 

MI = k l + ,  A?, = k2Jl = 1, M, = k,+ 

are restricted when k --* m. 

Quasi-stationary equations are of the following forms: 

- M , z , y ,  + M,z, = 0. M , z l y l  - k , z 2  = 0. M 2 Z 2  - M,z, = 0. (8) 

Then 

where 9, is the system (8) decision. 

be known: 
To derive the quasi-stationary approximation estimates the following values must 

For a concrete scheme these values can be obtained by means of rate constants 
and initial values of substances concentrations. 
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228 S. R. ABDIUSHEVA AND S. I .  SPIVAK 

Let's write system on x* in the following form: 

Denote 

Af = f(x*. y ,  k) - f(f*, y ,  k )  = B(x*,  f*, y ,  k)(x* - Z*), 

where 

Then for A = x* - f *  the equations set is of the form: 

A = B(x* ,  f * ,  y ,  k ) A  - f*,  

where 

2 
acPi . x* = *lp(y, k), k: = + c - y j .  

j =  I ayj 

After the variable substitution x' = +z the system (6) assumes the form: 

I t  is required to estimate vector-function { 1 A, ( [ ) ! } .  
By using Theorem I , 4  we consider the system for majorant function 

O = ( I /+)D*(z ,  y)v + { [ i : [ } ,  ~ ( 0 )  = { [ A , ( f ) ( }  = i*(0), f * ( O )  = +'p(y", A?). 
(11) 

D * ( z ,  y)  is a special majorant matrix for D one. (Special majorant of arbitrary 
matrix D is such a matrix whose diagonal elements coincide with those of matrix 
D ,  and elements outside the diagonal are equal to the respective matrix D elements 
modules.) 

D
o
w
n
l
o
a
d
e
d
 
A
t
:
 
1
2
:
0
7
 
1
9
 
J
a
n
u
a
r
y
 
2
0
1
1



PRECISION OF KINETIC MODELS 

We present the following auxiliary estimates. 

zi = xt/+ s I/+ (since x' s f by force of balance x :  + x :  + x:  = 1). 

Using this one and (9) we have 

229 

where 

Hence 

Let's consider the system 

For matrix D*(z ,  y )  it is of the form: 

-M;IIYIPI + M3p3 = 0. Mlylpl - M2p2 = 0, M2p2 - M3p3 = 0. 

Vector p = (1, 1, 1) may be taken as the decision of the system. 
For linear combination u = 2:= I pivi  from system (1 1) we obtain 

Then 

3 

Ix* - a*l < u < Jlck,t + u(0). u(0) = 2 p;v;(O) = 1. 
I =  I 

By making reverse substitution x* = X/E we get a summary estimate of the 
difference between precise and approximate decision as follows: 

3 c [ X i  - f;l < E(+CkIt + 1). 
i =  I 
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230 S. R. ABDIUSHEVA AND S. 1. SPIVAK 

Then it is necessary to receive approximate decision error estimate for starting 
substance and reaction product concentration. 

For initial and reduced systems respectively 

y ,  = - k , x , y , ,  jI = - k , f , j ,  y 2  = k3x3, pz = k 3 f 3 .  

Consider);, - 3 ,  = - k , x , y ,  + k , f , j , .  Denote l y ,  - jII  = A,.  Hence 

Integrating the inequality obtained under condition Al(0)  = 0, we get 

l y ,  - ,',I =s k,E(*CkIt2/2 + 3t) 

Now we consider the difference ytji2 = k3(x3 - fJ. 
Denoting Iy2  - p21 = A2, we can write: 

Integrating last inequality under condition A2(0) = 0, we get 

ly,  - p21 s k ,E( *Ck , t2 /2  + t )  (14) 

To verify the obtained estimates a computer experiment is carried out. For 
Scheme (I) the problem is solved for two cases. The first case is for a full set of 
differential equations. The second one is for reduced set (there are three algebraic 
equations and two differential equations for starting substance and reaction product 
in this set). On the basis of the results obtained the theoretical estimates of quasi- 
stationary approximation are compared with the calculated values. 

Rate constants equal: 

k ,  = 0.02, k2 = 5.7, k ,  = 0.00017, 

Initial conditions for differential equation are: 

x,(O) = E = 0.001, x2(0)  = x3(0) = 0, y , (O)  = 1, y2(0) = 0. 
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PRECISION OF KINETIC MODELS 23 1 

The theoretical formulas of quasi-stationary approximation estimates (13) and 
(14) which take into account the concrete values are of the form: 

c 0.17.10-9 + 0.75.10-*P. 

Table I gives the quantities of A, and A2 corresponding to different time calculated 
by theoretical formulas and experimental results. 

From the Table I one can see that accuracy of the theoretical estimate is within 
the accuracy of experimental description. 

Let us correlate the results obtained for the Scheme (I) with those for the Scheme 
(11). Since these mechanisms practically coincide, the derived estimates of quasi- 
stationary approximation are also applicable for the reaction mechanism of am- 
monia synthesis. Intermediate complexes of this mechanism Z, ZNz, (ZN;) (as 
intermediate complexes of Scheme (I)) do not practically influence the accuracy 
of the quasi-stationary approximation. This validates the use of QSC method and 
the form of the estimating algorithm for Scheme (11). 

We consider now the following scheme with reversible stages 

kl 

k-1 
A + K-AK 

k2 
AK - BK 

k3 

k - 3  
B K # B + K ,  

TABLE I 

Comparison of the theoretical and experimental values for Scheme (I )  - 
t 

loo. 
150. 

200. 
250. 
300. 
600. 
900. 

1OOO. 

1 lo(). 
1200. 

- 

- 

A,theoretic 

A , <  0.015 
A , <  0.029 

A,< 0.048 
A,< 0.Ul.l 
A,< 0.099 

Al< 0.36 
Al< I).TI 

A l i  0.S 

A,< 1.155 

A,< 1.368 

A, exprim. 

0.009 

0.01 

0.01 

0.01 

0.009 
0.01 

0.009 
0.305, 

0.01 

0.01 

A,theoret l c  . 
A2< 0.92 10- 

4< 1.95 10- 

b2< 3.34 ro- 
d,< 5.13 10- 

A2< 7.36 10- 

A,< o.ma 
4< 0.006? 

4< 0 . m  

4' 0 . m  
4< 0.&1 

L2-t 9 

0.733 1 0 - ~  

0.83 lo-& 
0.83 1 6 '  

0.84 1 0 - ~  

0.1~3 1 0 - ~  

0.9 lo-& 
0.9 lo-* 
0.8 10-4 

0.8 lo-* 

0.8 10-a 
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232 S. R. ABDIUSHEVA AND S. I .  SPIVAK 

After taking into account the substitution 

we write for the Scheme 111 the set of differential equations with the small param- 
eter: 

where f:, f;, f :  are quasi-stationary concentrations. 
Applying to this case the algorithm described above we obtain the following 

precision estimates of quasi-stationary approximation for the system (15) and (16): 

3 

C Jx;  - f;l < E(JICk*t + l ) ,  
I =  I 

where k* = k ,  + k - ,  + k3 + k-3; 

The computer experiment was carried out for Scheme (111). The rate constants 
equal: 

k ,  = 0.02, k - I  = 0.00075. k ,  = 5.7, k3 = 0.00017, k P 3  = O.ooOo71. 

Initial conditions for differential equation are: 

X , ( O )  = & = 0.001, X,(O) = x3(0) = 0,  y , (O)  = 1 ,  y*(O) = 0. 
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PRECISION OF KINETIC MODELS 233 

TABLE I1 

Comparison of the theoretical and experimental values for Scheme (111) - 
t 

50. 

100. 
150. 
200. 
250. 
300. 
600. 
900. 

IOOO. 

1 loo. 
1200. 

- 

- 

A, thao<tlc 

A,< 0.01069 

4,< 0.0223 
A,< 0.0346 
A,< 0.04’77 
A,< 0.0616 

A,< 0.18 
A,< 0.m6 

A,< 0.313 
A,< 0.362 
A,< 0.415 

A,< 0.472 

0.006 
0.009 
0.01 

0.01 

0.01 

0.009 
0.01 
0.01 

0.01 

0.01 

0.01 

4‘ I .2 10-4 

%< 5.9 lo-‘ 
A,,< 11.4 lo-‘ 

A,< 18.8 tO-‘ 

A ~ <  27.8 lo-‘ 
A*< 37.2 lo-‘ 

Az< 0.m 

$< 0.014 

A,< 0.0374 

Az< 0.0533 
A2< 0.045 

0.534 lo-‘ 
0.73 id4 

0.8 lo-‘ 
0.83 10-4 

0.83 lo-* 

0.8) 1 0 - ~  

0.83 lo-‘ 

0.9 1 0 - ~  
0.9 lo-‘ 
0.6 10‘‘ 

0.9 I O - ~  

The theoretical formulas of quasi-stationary approximation estimates (18) and 
(19) with concrete values are of the form: 

A, = ( y ,  - j , I  < 0 . 4 8 2 - W 5 r  + 0.35-10-7P, Az = Iyz - y2( 

< 0.415.10-3r + 0.155.10-6r2. 

Table I1 gives quantities of A, and Az corresponding to different times calculated 

From the Table I1 we see that the theoretical estimates are within the range of 
by theoretical formulas and experimental results. 

experimental values A, and Az at the respective times. 
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